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402 Chapter 7 Diagonalization and Quadratic Forms

Formulas (9) and ( 10) provide two different Ways of viewing the image of the v
(1, 1) under multiplication by A: Formula 9) tells us directly that the image ¢

vector is (3, (), whereas Formula (10) tells us that this image can also be obtaing
projecting (1, 1) onto the eigens

baces corresponding to A= -3 and Ay =2to oi 3
the vectors (-4, 2) and €3 2), then scaling by the eigenyalueg to obtain (2, ~-$):
(£, %), and then adding these vectors (see Figure 7.2.1), «
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matri

X P appropriately. We will consider two theorems
this.- The first, due to the Gérm i
matrix A4 is orthogonally si
of A on the main diagonal.

] » States that every squ.
milar to an i i

d researchers to the
in, where he worked and taught. His lectures sometimes attracted so
that opera glasses were needed to see him from the back row. Schur's life
became increas'ingiy difficul i and in April of 1933 he
from the university under ited non-Aryans from h
Positions. There was ano his students and collea
and fiked him, but it dig n plete dismissal in 1935,
of himself as a loyal Germ d the persecution and hu,
at Nazi hands. He Jefi G e in 1939, a broken man,
. resources, hehadto g matics books and livedinp

Issai Schur _ : i 1941. - O LT S

(1875-1941) R H

was forced to “refjrg”
olding “civil service"
gues who respected
Schur, who thought
miliation he recsived
‘Lacking if finagcial
overty until his death

utcry from many of
ot stave off his com
an never understog
ermany for Palestin
ell his beloved mathe|

~ lmége; Cortesy, Elgc;f@nié:?Fab{{sthg Seltvices, inc., New York Gir,i



ctor
th?
ib,
tain
and

X X X X X

X X X X

X X X X
X X X X
X X X X
First subdiagonal
4 Figure 7.2.2

7.2 - Orthogonal Diagonalization 403

It is common to denote the upper triangular matrix in (11) by § (for Schur), in which
case that equation can be rewritten as
- D A= pspT S (12)
which is called a Schur;'lecon'zpo'sition of A. o
The next theorem, due to the German mathematician and engineer Kar] Hessenberg
(1904-1959), states that every square matrix with real entries is orthogonally similar to

a matrix in which each entry below the first subdiagonal is zero (Figure 7.2.2,)?. Stich a
matrix is said to be in upper Hessenberg form. .

- It is common tl"o__déngjce the upper Hessenberg matrix in (13) by H (for Hessenberg),
in which case that equation can be rewritten as

A=pHPT | D)
which is called an upper Hessenberg decomposition of A,

Remark In many numerical al gorithms the initial matrix is first converted to upper Hessenberg
form to reduce the amount of computation in subsequent parts of the algorithm. Many computer

packages have built-in commands for finding Schur and Hessenberg decompositions.

oncept Review

Orthogonally similar matrices

Orthogonally diagonalizable
matrix

K
f Y

* Spectral dec;ifﬁposition (or _ * Subdiagonal
eigenvalue decomposition)

* Upper Hessenburg form
* Schur decomposition

* Upper Hessenburg decomposition

Be.able to recognize an orthogonally diagonalizable ~  «

mbers. ’

v

v that for a symmetric matrix eigenvectors from
erent eigenspaces are orthogonal.

Be able to orthogonally diagonalize a symmetric matrix.
* Be able to find the spectral decomposition of a

iow that eigenvalues of symmetric matrices are real symmetric matrix.

¢ Know the statement of Schur’s Theorem.
Know the statement of Hessenburg’s Theorem.




